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ABSTRACT 
The task of actually constructing a Cartan subalgebra H of a finite dimensional Lie 
algebra L over a field F (which is assumed to be p-restricted in case F has 
characteristic p) leads to a new theorem implying the method of construction, viz.: If 
X is a nilpotent subalgebra of L of dimension n over F, then any Cartan subalgebra of 
L,(X) = (ulu E L & Vx(z E X =$ (adLz)“u = 0)) is aLso a Cartan subalgebra of L. 
INTRODUCTION 
According to C. Chevalley [2], a subalgebra H of a Lie algebra L over a 
field F is said to be a Cartan s&algebra if it is nilpotent and self-normalizing. 
Those subalgebras play an important role in the structure theory of L. In this 
paper we deal with the question of their existence from the constructive 
viewpoint. 
Section 1 contains a preparatory exposition of the constructive aspects of 
centralizer and normalizer formation. 
Section 2 yields two algorithms for the construction of Cartan subalgebras 
of finite dimensional Lie algebras L over fields of reference F of zero 
characteristic, which is based on the (apparently new) remark that for any 
nilpotent F-subalgebra H of L, any Cartan subalgebra of L,(H) also is Cartan 
subalgebra of L (Theorem 1). The construction avoids entirely the usual 
specialization argument of algebraic geometry. In Section 3 the same is done 
for p-restricted Lie algebras. The case of finite unrestricted Lie algebras 
remains open. 
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Section 4 contains the proofs of the propositions and theorems formulated 
in Sections 2 and 3. 
1. REMARKS ON THE CONSTRUCTION OF CENTRALIZER, 
NORMALIZER, AND La 
For any subset X of L, the subset 
c,(x) = {XIX E L & [x, x] = 0) 
of all elements of L that annihilate X upon Lie multiplication form an 
F-subalgebra of L, called the centralizer of L. The L-centralizer of 0 is L. The 
L-centralizer of L is the abelian ideal C(L), the cater of L. It is contained in 
every centralizer. 
For any F-subalgebra X of L the subset 
Nor,(X)={rlxEL&[r,X]EX} 
of all elements of L for which the Lie product of x with any element of X 
belongs again to X is said to be the L-rwrmulizer of X. It is an F-subalgebra of 
L containing both X and C,(X) as ideals. If Nor,(X) = X, then X is said to be 
a self- king F-subalgebra. Such a subalgebra contains the center of L. 
For any ideal A of L contained in X the normalizer of X/A in L/A is 
Nor,( X)/A: 
Nor,,*( X/A) = Nor,( X)/A. 
Thus, if X is self-normalizing in L, then also X/A is self-normalizing in 
L/A. 
For any ordinal number v the vth ascending center of L is defined by 
transfinite recursion: 
C&)=L 
C,(L) = C(L), 
cv+,(wG(L) = wJ/w))~ 
C,(L)= u C,(L) if v is a limit ordinal. 
b-=V 
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The ascending centers of L form an ascending series of F-ideals of L, the 
ascending central sf3ie.s. Its members are contained in every self-normalizing 
subring of L. 
There is an ordinal number c(L), the class of hypercentrality of L: 
Cc(&) = Cc(L)+lW 
Gw=cc(,,(L) if v<c(L). 
The ordinal c(L) is uniquely determined by L. The ideal CccLj( L) of L is said 
to be the hypercenter of L. It is the union of the members of the ascending 
central series of L, and it is contained in every self-normalizing subring of L. 
The center of the factor ring over the hypercenter is 0: 
for all ordinal numbers v. 
Note that the class of hypercentrality is 0 if and only if the center of L is 
0. If L is nilpotent, then the class of hypercentrality of L coincides with the 
class of nilpotency of L. 
If L contains a Cartan subalgebra H, then the hypercenter of L is 
nilpotent and H/(&,(L) is a Cartan subalgebra of L/C,(,,( L). 
Conversely, if the hypercenter of L is nilpotent, then any Cartan subalge- 
bra fl of the factor ring of L over its hypercenter defines the Cartan 
subalgebra of L consisting of the elements of L contained in the cosets of R 
module the hypercenter of L. 
Thus the task of testing the existence of a Cartan subalgebra of a Lie 
algebra is reduced to the case that the center is zero. 
If the Lie algebra L has a finite bases b,, . . . , b,, over F with multiplication 
rule 
b, bj = c lgikbk (P.. +F; i,j,k=1,2 )..., ?a) (I) 
over F, characterized by the conditions 
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then the centralizer of a finite subset 
x= {Xl,...,Xs} 
SEZ’O; zi= C @,, +F, ldi<s,lGkGn 
I 
(3) 
k=l 
is an F-subalgebra C,(X) with F-basis 
where the n-rows (nil. . . , qy) (1~ i < m) form a solution basis of the linear 
homogeneous system 
for the n-row (q’, . . . ,q”) over F. 
In order to determine an F-basis 
n 
zi= C [“bk (l<i<m’, m’EZ’O; l:=F, l<i<m’,l,<kGn) 
k-l 
(54 
of the Lnormalizer of a subalgebra given by a finite set of generators (3) over 
F, we determine a solution basis 
(Xil,hiz,***,Ai”) (16iGm’) (W 
of the linear homogeneous system 
for the n-rows (hi, h,,. . . , A,) over F and determine the n-rows 
(W 
(E!,[f,...,.g) (l<iGm’) 
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as solution basis of the linear homogeneous system 
for the n-rows ({I, c2,. . . ,[“) over F. 
In other words, both centralizers and normalizers are constructed by 
means of linear algebra over fields. 
In the same way we construct F-bases of ascending centers C(L), C,(L) 
(1~ i) as well as bases with corresponding multiplication constants of the 
factor algebras. 
The adjoint representation of L is defined as the F-homomorphism 
ad, : L + End,(L) 
(6) 
adL(x)(u) = [x, ~1 (u EL) 
of L into the endomorphism ring of L over F using Lie multiplication by x as 
action of x on the representation space L. Its kernel is the center of L. In 
matrix terminology we have 
ad,b, = (VA,), (7a) 
ad, m 
where th E F, 1~ h G n. 
Any nilpotent F-subalgebra H of the Lie algebra L over the field F is 
contained in the subalgebra L,(H) of L formed by the elements u of L with 
the property that for any element of H some power of its adjoint representa- 
tion annihilates u. The subalgebra L,(H) of L contains the normalizer of H in 
L. It coincides with H precisely if H is a Cartan subalgebra of L. 
If there is a fixed exponent v such that 
(adLh)“(u) = 0 [h E H, 
then there holds the Cartan &composition 
L=L,(H)/I? 
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of L into the direct sum of L,-,(H) and another F-linear subspace & subject to 
the condition 
[H, A] c A. @b) 
We note that & is uniquely determined as the intersection of the F-linear 
subspaces (ad,h)‘(L) (V E Z ‘O, h E Z-I). Also note that 
[H, B] = A. (94 
Of course, if L is finite dimensional, then there is always a Cartan decomposi- 
tion. Supposing 
then we have 
fi = ,4 (adLr,)S’(L) (94 
leading to a construction of fi in terms of linear algebra over the field of 
reference. 
2. PROPERTIES OF L,(H) 
The application of any epimorphism 
c:L*iC m-4 
of a Lie algebra L on the Lie algebra z over F to the Cartan decomposition 
(9a) of L with respect to H yields the Car-tan decomposition 
r= Lo(&)/& (lob) 
of z with respect to the c-image of H, a nilpotent subalgebra of E If H is a 
Cartan subalgebra of L [i.e. L,(H) = H], then 6 H is a Cartan subalgebra of E. 
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In particular, for any ideal A of L and for any Cartan subalgebra H of L, 
the factor algebra H/A is a Cartan subalgebra of L/A. Trivially, any Cartan 
subalgebra H of L is a Cartan subalgebra of any subalgebra of L containing H. 
In particular, H is a Cartan subalgebra of H + A for any ideal of L. 
Conversely we have 
PROPOSITION 1. Let A be an F-ideal of the finite dimensional Lie algebra 
L over the field F, and let S be an F-subalgebra of L containing A such that 
S/A is a Cartan subalgebra of L/A. Then any Cartan subalgebra H of S also 
is a Cartan subalgebra of L. 
PROPOSITION 2. For any algebra L and any nilpotent subalgebra H of an 
ideal A of L, the intersection of L,(H) with A is the nilspace of ad,H. lf 
there is a Cartan decomposition of L relative to H, then we have 
L,(H)+A= L. (11) 
PROPOSITION 3. lf L is a Lie algebra of finite dimension over a field F of 
zero characteristic, then for a nilpotent Lie algebra H of L over F any Cartan 
subalgebra X of L,(H) also is a Cartan subalgebra of L in case L,(H) is 
solvable. 
As an application we obtain the following algorithm for constructing a 
Cartan subalgebra of a solvable Lie algebra L with a finite number of basis 
elements b Ir.. . , b,, over a field F of zero characteristic. 
Step 1: Determine L,( bi) (1~ i < n) by means of linear algebra. If 
L,(b,) = LO(b2) = . . . = L,( b,) = L, then L is the Car-tan subalgebra of L. 
Else there is an index j such that 
L,(bj)cL= L,(bi) (1 <i < j); 
go to step 2. 
Step 2: Replace L by L,(bj) and go back to step 1. 
THEOREM 1. Zf L is a finite dimensional Lie algebra over a field F of 
characteristic zero and H is a nilpotent F-subalgebra of L, theta any Cartan 
subalgebra of L,( H) also is a Cartan subalgebra of L. 
Using Theorem 1, we propose the following algorithm fm the construction 
of a Cartan subalgebra of a Lie algebra L with a finite basis b,, . . . , b,, over a 
field F of zero characteristic. 
‘(7 3 x) Jx7p’?) = ( (d)“)7PE 
m 1 
(d)x = (‘)u 
67+7:11 
SflVHNBSSVZ SNVH o!a 
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In other words, for every element x of L there must be an element y of L 
such that 
(ad,x)’ = ad,y. (I2c) 
The mapping II is unique precisely if C(L) = 0. Otherwise it is unique up 
to addition of center elements. 
For example, the derivation algebra Der,L of a Lie algebra L of p over a 
field F of prime characteristic p is prestricted, inasmuch as the mapping 
II : Der, L + Der, L , 
II(d) = dP [d E DerrL] 
(l-24 
meets the requirement (12b). 
In particular, if C(L) = 0, then there is the embedding monomorphism 
CL: L+Der,L 
P(X)‘_x (XEL) 
l+)(u)= h.4 (UW 
(Isa) 
of L into Der,L with the inner derivation algebra 
InnL=j4(L)={_x]xEL} (I3b) 
as image algebra, an ideal of Der,L with the outer derivation algebra 
Out,L = (Der,L)/(Inn L) 
as cokemel of ~1. 
In this case L is embedded into the p-restricted subalgebra 
2~“FoFIIi( L) = L 
as the smallest F-subalgebra of L containing L and closed under the applica- 
tion of II. It contains L as ideal with abelian factor algebra, and of course, it is 
a prestricted Lie algebra. 
THEOREM 2. Any finite di men&ma1 Lie algebra over a field F of prime 
characteristic p contains a Cartan subalgebra, provided L is p-restricted. 
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Using Theorem 2, we propose an algorithm for the construction of a 
Cartan subalgebra of L with a finite basis b,, . . . , b,, over a field F of prime 
characteristic p which proceeds along the same lines as the previous algorithm 
at zero characteristic, only replacing Step 3 by 
step 3’: If n > 1, C(L) = 0, H* = cf=lFxi is a nilpotent F-subalgebra 
* 0 of L, then replace H* by Lf”lFxi = Zf* +I$,,FII(xj). If S” > S repeat. 
Otherwise extend xi,. . . , xs to an F-basis x1,. . . , xst of L( H*). If S’ = n then go 
to step 5. Else apply the algorithm to L,(H*) in order to form a Cartan 
subalgebra H of L&H*). Now H is a Cartan subalgebra of L. 
4. PROOFS OF THE PROPOSITIONS AND THEOREMS 
OF SECTIONS 2 AND 3 
We precede the proofs by the remark that the concepts centralizer, 
center, vth center, hypercenter, F-subalgebra, F-ideal, normalizer, self-normal- 
izer, addition and Lie multiplication of F-linear subspaces, nilpotent, Cartan 
subalgebra, Cartan decomposition, solvable, and p-restricted Lie algebra are 
invariant under extension of the field of reference. In other words, if L is a Lie 
algebra over the field F with basis B, and E is a (field) extension of F, then the 
tensor product algebra E 0 L = EL is a Lie algebra over E with basis B. For 
F 
any subset X of L we have 
In particular 
C(EL)=E! C(L), 
and 
C,( EL) = E F C,(L) 
for any ordinal number v. 
For any F-subalgebra X of L we find EX = E z X to be an E-subalgebra of 
EL such that Nor,,(EX) = E z Nor,(X). If X is self-normalizing in L, then 
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EX is self-normalizing in EL. If X is an F-ideal of L, then EX is an &ideal of 
EL. 
For any two F-linear subspaces Xi, X, of L we have 
E( x, + x,) = EX, + EX,) 
[EX,,EXe]=E[X,,X,]. 
If X is a nilpotent F-subalgebra of L, then EX is a nilpotent E-subalgebra 
of EL of the same class as X. 
The nilspace of ad,,(EX) coincides with E t L,(X). If there is the 
Car-tan decomposition L = L,(X)/ 2 of L relative to X then there is the 
Cartan decomposition 
EL=EL,(X)iEx 
of EL relative to EX such that 
If X is a Cartan subalgebra of L, then EX is a Cartan subalgebra of EL. 
If X is an arbitrary F-subalgebra of L, then we find that the derived 
algebra of EX is given by 
D(Ex)=[Ex,Ex]=E[x,x]=ED(x), 
Dk(EX)=EDk(X) (kG!'"). 
If X is k-step metabelian, then also EX is k-step metal&an. 
Finally, if the characteristic of F is a prime number p and L is a 
p-restricted Lie algebra, then also EL is prestricted. This is because every 
element of EL is of the form 
x= Chi@bxi (sHZo; &EE,~EL, l<i<S), 
i-l 
(ad,,x)‘= d 5 A.@ (a EL( i_l I 'i))'= ( ~lAiad,*i)p~ 
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Using the identities developed in [4] (or [6]) we find that 
(adELx)” = f: XP(adELxi)” 
i=l 
for some element y of EL. By assumption we 
Hence 
+ Adele 
have (ad,x,)P = adL(xjP)). 
(ad X)” = c Xpad,( xjp)) +ad,y 
i=l 
= adE,z 
for 
2 = t$lx~x;o) +y. 
i. 1 
Thus it follows that EL is prestricted. 
Using extension of the field of reference, it suffices to assume that the field 
of reference F is algebraically closed. 
Proof of Proposition 1. There is the Cartan decomposition 
S=H+fi 
of S relative to its Cartan subalgebra. Hence [H, fi] = H, [H + A, fi + A] = 
fi + A, and because of the nilpotency of S/A it follows that fi C A, S = H + A. 
For any element x of the Lnormahzer of H it follows that [x, H] E H, 
[x + A, S] c X, [r , S] G S, and hence x E S. Since H is a Cartan subalgebra of 
S it follows that x is in H. Hence H is a Cartan subalgebra of L. ??
Proof of Proposition 2. Let L = L(X)+ fi be a Cartan decomposition of 
L relative to H. Since [H, A] = I?, H c A, [A, L] E A, it follows that fi C A. 
Hence A = H + A n L,(H), L (H)+ A = L. ??
Proof of Proposition 3. Let L,(H) = X + 2 be the Cartan decomposition 
of L,(H) relative to X. By the theorem of Lie, every finite degree irreducible 
representation A of L(H) is of degree 1. Now the equation [X, X] = X implies 
that AX = 0; hence A( L,( H)) = AX. 
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By assumption, not all irreducible constituents of the restriction of ad,]H 
to & are 0. Hence not all irreducible constituents A of the restriction of 
ad,]L,(H) to fi are 0. Therefore also AX f 0. It follows that [X, Z?] = fi, 
L = X + (X + A) is the Cartan decomposition of L relative to X, and X is a 
Cartan subalgebra of L. ??
In order to prove Theorem 1 for algebraically closed fields F of reference 
of zero characteristic, we note, first of all, that for any nilpotent F-subalgebra 
H of the finite dimensional Lie algebra L over the field F there holds the 
spectral decomposition 
. 
where 
L, = {XIX E L & Vh [h E H * (ad,h - a)“(x) = 0]} (I4b) 
is the eigenspace for the root (Y of H relative to L, and a runs over those 
nonzero linear forms of H in F for which L, * 0. 
We note that 
because of Lie’s theorem. 
Secondly, we make use of the connected algebraic subgroup G(L) of 
End r L generated by the linear transformations 
‘-’ (ad,-_x)’ 
ezp(ad& = IL + c 7 
i=l 
with x running over the elements of [h, H], L, (a f 0), for all nilpotent 
subalgebras H of L. It follows again from Lie’s theorem that ad,x is nilpotent; 
hence (ad,x)” = 0. 
By construction the elements of G(L) are automorphisms of L over F. 
These automorphisms may be called the inner autcnnmphims of L over F. 
They form a normal subgroup of the group Aut r L of all automorphisms of L 
over F. 
The algebraic Lie algebra corresponding to the algebraic group G(L) of 
linear transformations of L is the ideal Inn L = ad, L of Der,L which is the 
algebraic Lie algebra corresponding to Aut,L (as tangent space). There holds 
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PROPOSITION 4. Any two Cartan sddgebras of L are conjugate under 
the inner automorphim group of L. 
Pmof of Proposition 4. If L is semisimple, then it is well known (see [3]) 
that Der, L = Inn L; hence G(L) is the connected component of Aut r L. Also 
it is well known from Cartan’s structure theory of semisimple finite dimen- 
sional Lie algebras over algebraically closed fields of zero characteristic that 
any two Car-tan subalgebras of L are conjugate under Aut,L. 
It remains to show that the Aut L stabilizer of a Cartan subalgebra covers 
the factor group over Inn L. This follows from the theory of Chevalley groups 
(see PI). ??
By construction any homorphisms 
f: L+L’ 
of a finite dimensional Lie algebra L over F into another finite dimensional 
Lie algebra L’ over F gives rise to the corresponding homomorphism 
y+):G(L)+G(L’) 
mapping ad,x on ad,i(c(x)) for x in [Z-L, H] or in L,, and y(e) is surjective 
(injective) according to the behavior of E. 
If L is an arbitrary finite dimensional Lie algebra over F with two Cartan 
subalgebras Hi, If,, then H,[L, R(L)] are Cartan subalgebras of the reductive 
factor algebra of L over the ideal [L, R(L)] of L (according to Proposition 2). 
Hence there is an element a of G[ L[ R(l)] mapping Hi /[ L, R(L)] on 
Ha /[ L, R(L)], and there is an element a of G(L) such that a’ induces a on 
[L, R(L)]; th ere f ore a’(H,)+[L, R(L)] = H, +[L, R(L)]. 
Assuming that Hi + [L, R(L)] = H, + [L, R(L)] = S, we must prove the 
existence of an element fi of G [ L, R(L)] with natural extension to an element 
fi of G(L) mapping Hi on Ha. 
It suffices to deal with the case that L is solvable, and that for some ideal S 
of L we have L = Z-l, + S = 23, + S and ad,S is nilpotent. We want to 
establish an element /3 of G(S) naturally extending to an element 8’ of G(L) 
such that /I’ maps H, on H,. This is clear if S = 0. Let S * 0. 
Let L be a counterexample of minimal dimension over F. By Lie’s 
theorem there is an ideal A of L of dimension 1 over F contained in S. Hence 
H, /A = (Hi + A)/A (i = 1,2) are two Cartan subalgebras of L/A by Prop 
osition 2; by assumption there is an element a of G(S/A) naturally extending 
to an element a of G( L/A) mapping Hi /A on Ha /A and restricting on S/A 
to an element of G(S/A). As we saw above, there is an element /I of G(L) 
inducing a’ on G/A. 
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It follows that p’( H, + A) = H, + A. 
As above, we may assume without loss of generality that H, + S = H, + S 
= L, dim S = 1, and hence Sg C(L). L is nilpotent, and H, = H,. 
There is no counterexample. Thus Proposition 4 is demonstrated. ??
Proof of Theorem 1. If the theorem is wrong, then there exists a 
counterexample with minimum value of the F-dimension of L, which for 
given L assumes the minimum value of the F-dimension of L,(H); and for 
given L, L,(H) assumes the maximum value of dim@. Hence there is a 
Cartan subalgebra S of L,(H) that is not a Cartan subalgebra of L. It follows 
that H c L,(H) c L, H * 0, Nor,(H) 1 H, there is a Cartan subalgebra T of 
Nor,(H). Hence T is a Car-tan subalgebra of the solvable Lie algebra H + T. 
By Proposition 3 we have ? 2 fi, L,(T) c L,(H). If L,(T) = L,(H), then 
T I H. This is impossible because of the maximum property of Zf. Hence 
L,(T) = L,(H). 
Because of the minimal property of the Fdimension L of L,(H), it follows 
that L,(T) contains a Cartan subalgebra X and that X is a Cartan subalgebra 
of L. Hence X is a Cartan subalgebra of L,(H). By Proposition 4 it follows 
that there is an element (Y of G( L,(H)) mapping S on X. The natural 
extension (r’ of (Y to an element of G(L) maps S on X. Hence also S is a 
Cartan subalgebra of L, contrary to assumption. 
Thus Theorem 1 is demonstrated ??
The key of the proof of Theorem 2 is contained in the following observa- 
tion. A linear transformation d of a linear space L over a field F is said to be 
algebraic if it satisfies 
over a perfect field F where 
P(d)=0 
P(t) = a,tm + amJm-l + . . . + a0 (~0, a,=O) (15b) 
is a nonconstant polynomial in t over F such that 
a,dm + am_ ldm-l + * * * + aoAr. = 0. 
Now d is the sum of two commuting linear transformations 
(I5c) 
d=d,+d,, 
dsd, = &d,, (154 
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where d, is nilpotent: 
d;=O, ( 1%) 
and d, satisfies a separable equation 
f(d)=0 W) 
over F. In other words, f is a polynomial in t over F for which 
The decomposition (15d) of d into the sum of a semhimple component d, 
and a nilpotent component d n subject to (15e-g) is unique (see ChevaIIey [2]). 
For example, by divisor cascading of polynomiaIs derived from P by 
differentiation and, if necessary, by forming the x(F)th root of a polynomial 
obtained already, we succeed in factorizing the polynomial P as product of (Y, 
and the power product of monk separable polynomials: 
P=a,fiP,1 
i-1 
p,~F[t]; P,monic; gcd Pi,z=l, lGi<m; 
( 
gcd(P,,PI)=l, lgi< jgm 
I 
. 
Now we set 
- ( 4 pi= q/t if p,(o)*0 if P,(O)=0 1 (1 GiGm), 
f=*fp 
1= Af + Bt’o 
(to > 0 if P,o(O) = 0, otherwise i,, = 1; A, B E F[t]), 
ds = B(d)d’o, d, = A(d)f(d). 
(1W 
(15i) 
(15j) 
WI4 
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Note that 
(Xd)s=Xd,, (Xd),=Xd, (XEF). t 154 
If E is an extension of the field F then iE @ d is a linear transformation of 
E 8 L = EL such that 
F 
If the field F should happen to be imperfect, then there may not be a 
decomposition (15d) subject to (Se-g). In that case we can state only that 
dXcF)’ is semisimple for any exponent 1-1 satisfying 
x(F)” >, m. (150) 
J. P. Serre has observed that d,, d n are F-derivations of the F-algebra L in case 
d is an F-derivation of L (see Serre [5]). 
PROPOSITION 5. Let L be an algebra ouer the perfect j&U F. Let H be an 
F-subalgebra of L. Fotm the subalgebra H,, of Der,L generated by the 
deriuations (ad,h), and the subalgebra Hs generated by the derivations 
W,h)s (h E Cl. 
It follows that 
ad,H G Hs + H,,. @a) 
Zf H is nilpotent and the dmiuatkm ad,h are algebraic for h of H then 
H,nH,=O 
[Hs,H,]=O, 
[Hs,Hs]=O, 
@b) 
(W 
1164 
and if there is a Cartan decomposition of L relative to H, then we have 
H,(A) = Z?. @e) 
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Proof of Proposition 5, By the field extension argument it suffices to deal 
with the case that F is algebraically closed. Then there holds the decomposi- 
tion 
L-L,(H)@ $ L, 
CX*O 
W-4 
of L into the direct sum of L,,(H) and the root spaces L, relative to H. 
For each element h of Z-Z we have 
h,(u)= a(h)u (U+A om 
h,(u)=0 b E hm), 07c) 
h,(u) = [ad&) - +)lu @%A (174 
hence 29s is abelian, and also (lSb, e) ensue. 
Using Levi’s theorem as well as the fact that the derivation algebra a 
semisimple finite dimensional Lie algebra of zero characteristic coincides with 
the inner derivation algebra, we obtain 
COROLLARY 1. Zf L is a finite di num&mul Lie algebra over a field of 
zero churacteristic, then we have 
D(L,)cInnL. (13) 
Using Proposition 3, we show 
COROLLARY 2. Zf L is a finite dimensional Lie algebra over a field of 
zero chmacteristic, then for any Cartan subalgebra H we find H,, + Hs to be a 
Cartan subalgebra of L, + Inn L. 
Furthermore we have 
COROLLARY 3. Zf L is any Lie algebra over a field F of pr+e characterk- 
tic p, then the Lie algebra Lpm generated by Inn L and Inn L?’ (i = 1,2,. . .) is 
a subalgebra of Der,L containing Inn L a.s i&al with abeliun factor algebra. 
COROLLARY 4. Zf L is a finite di men&mu1 Lie algebra over a field F of 
prime characteristic p and H is a nilpotent Fkubalgebra of L, and if 
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then F(ad,H)!‘” is a p-admissible abelian s&algebra of Der,L satisfying 
(ad, H)f”( fi) = fi. ( 19b) 
Also we have 
F(ad, H)!” = F(ad, H)‘“’ 
if 
pv~p"'dim,. 
If F is petf;?ct, then we have 
094 
W) 
F(ad,H)t” = f Hli, 
i-0 
[(ad,H)f”, H,] = 0, 
HPm = E (ad,H)f 
i=O 
= E Hf@F(ad,H)F”, 
i=O 
(194 
(190 
(1%) 
Now we prove Theorem 2 by using Corollary 4 [especially (lgb)]. 
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